A new model potential is introduced to describe the hollow nanospheres such as fullerene and molecular structures and to obtain their electronic properties. A closed analytical solution of the corresponding treatment is given within the framework of supersymmetric perturbation theory.
Introduction
Nanostructures have received great interest nowadays because of their importance in solid state technology and for medical purposes [1] [2] [3] [4] [5] . Specifically, quantum dots have been studied to strongly confine and control the electrons in a few nanometers of the volume [6, 7] . Nevertheless, semiconductor quantum dots can be produced using high technological growth devices while the production of metallic quantum dots or clusters also requires advanced technology [8] . However, molecular nanospheres can be obtained more easily (e.g., by chemical synthesis) compared with those of metal and semiconductor quantum dots [9] .
Molecular nanoparticles as in the case of metal clusters [10, 11] can be produced in the shape of hollow spheres. In these structures, there is a limited radial motion of the electrons. As an example of hollow nanospheres, we can consider the fullerene molecule which is stable and consists of 60 carbon atoms. The derivatives of fullerene are C 70 ,C 84 , C 540 [12, 13] . Furthermore, B 80 is a spherical molecule in which one uses the boron atoms instead of carbon [14] .
For complex molecular systems which include more than ten atoms, the best way of electronic structure analysis is to use some ab-initio [15, 16] or semi-empirical techniques [17, 18] . Although these are known as realistic calculations, they have time-consuming procedures and give only numerical results. However, since the molecules like fullerene have spherical symmetry, if the motion of an electron can be described in only one dimension (which is radial direction), the whole motion will be described due to the spherical symmetry. Appropriate model potentials can describe the motion of the electrons in radial direction [19] [20] [21] [22] [23] . The angular motion of an electron is described by well known spherical harmonics. In other words, the related spherical symmetric one-dimensional radial Schrödinger equation analytically yields the spectra of interest, from which one can readily observe the behaviours and the physics behind the system considered, unlike its corresponding numerical results.
Within the context, we remind that the attractive Gaussian potential
is very important in modelling the nucleon-nucleon scattering [24] and quantum dots with single or more electrons [25] [26] [27] , impurity [28, 29] and excitons [30] . In equation (1.1), γ shows the height of the radial central potential, λ is related to the dot radius (R) in such a way that λ = 1/R 2 .
We have recently obtained a closed form of the eigenvalues of this potential [31] and shown that the obtained results are very accurate, particularly for low principle quantum numbers. For completeness, in this article we aim to suggest that such interaction profile, apparently with a plausible modification, should be also suitable for the investigation of hollow nanospheres.
The paper is organized as follows. The next section briefly discusses the model potential. Theory section includes the calculation procedure and the discussion on the results obtained. Some concluding remarks and outlook are given in the final section.
Model potential
The electronic properties of a spherical symmetric molecular cluster can be obtained by modelling this structure. So far, many of the studies have been performed in the framework of numerical calculations. In previous studies regarding fullerene and endohedral structures, the spherical potential which models the structures is presented in different forms [19] [20] [21] [22] [23] . The square potential having the following form
d: the thickness of the wall, r 0 : inner radius has been introduced by [20, 21] to describe the fullerene. To describe an atom inside C 60 , Dolmatov et. al.
has introduced the Woods-Saxon potential [19] as follows:
where ν is a parameter related to the additional atom, r 0 , V 0 and ∆ are potential parameters. Lin et. al.
have used a power-exponential potential which has the following form [23] V (λ;
where r 0 and w indicate the radius and and thickness of the hollow cage. Nascimento et. al. have introduced the gaussian-type potential for modelling the fullerene-type structures as follows [22] V (λ; r ) = −γ exp −λ(r − r 0 ) 2 .
(2.4)
Using the mentioned potentials, it is possible to obtain electronic structures of hollow spheres. As an example, the last potential has the shape as seen in figure 1. Since the parameter r 0 breaks the symmetry and makes the potential discontinuous, the solution of the potential can be performed only by using the numerical techniques. An analytical solution for a potential, r 0 , should be zero. Therefore, a spherical hollow nanostructure may be described by the combination of an attractive Gaussian potential with an additional term as follows
where the second term including β (this should be positive) is very similar to the barrier term due to the spherical symmetry which is ℓ(ℓ + 1)/r 2 [32] . In the case of β = 0, the potential in equation (2.5) can describe a solid nanoparticle such as metal clusters, while for β 0, a hollow nanosphere can be described. Figure 2 shows the potential introduced in equation (2.5). Due to the additional term (β/r 2 ), the electrons in the system will be pushed to make a motion in the regions far from the center of the sphere. The increase in the β will cause a decrease of the motion area of the electrons. Therefore, this potential can describe a group of spherical symmetric molecular structures and different types of hollow nanospheres. indicates atomic unit and should be considered as Bohr radius. 
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Theory
As seen from equation (2.5), the potential is constructed with two parts. β/r 2 can be introduced into the barrier term −ℓ(ℓ + 1)/r 2 following the previous study by Aygun et al. [32] . In this case, we can describe a new parameter ℓ ′ (ℓ ′ + 1) = −ℓ(ℓ + 1) + β which results in:
The attractive Gaussian potential part in equation (2.5) can be expanded as follows
where γλr 2 indicates the well known harmonic oscillator potential where γλ = mω 2 /2. The role of the terms other than −γ + γλr 2 is to modify the potential and they may be referred to as modification potentials. The normalized wavefunction of a harmonic oscillator is
3) n λ = 0.0125 λ = 0.025 λ = 0.0125 
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Perturbative wavefunctions, energies and superpotentials corresponding to the modification potentials are as follows:
where k indicates the perturbation order. If the unknown perturbed wavefunction is R P (r ), the Schrödinger equation can be written as follows:
Skipping the details of the calculation procedure of the theory to our previous work [31] , the total energy eigenvalues can be written as follows:
where Im n,ℓ = E nℓ ′ + ∆E nℓ ′ ℓ ′ → − 1 + 1 + 4ℓ + 4ℓ 2 + 4β /2 . Therefore, we obtain a simple analytical form of the energy eigenvalues.
Results and discussion
The change of the parameters in the potential of equation (2.5) refers to the change of the kind of the molecular structure. As can be seen from figure 3, varying the value of λ parameter it is possible to control n λ = 0.0125 λ = 0.025 λ = 0.0125 the size of the potential well. Furthermore, using the β parameter different from zero, it is possible to split the gaussian potential into two parts in the positive and the negative regions. The increase in β causes a shrink in the potential. Therefore, the parameters make it possible to produce different model potentials corresponding to different hollow nanospheres. Tables 1 and 2 show the eigenvalues for different parameters. From the tables, it can be concluded that bound state energy values can be obtained from equation (1.1).
Conclusions
We have obtained an analytical form for the energy eigenvalues of fullerene-type hollow nanospheres by using the technique from our previous study. A simple analytical expression (but not an exact one) is a closed form for the bound states of a modified attractive Gaussian potential by using supersymmetric perturbation theory. The analytical expression can be used to see the treatment of the energy values. Furthermore, we have shown that this potential can be a good candidate to model semiconductor quantum dots and to reveal the electronic and optical properties of the system. =0.3
